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Abstract 

It is known that many constructions arising in the classical Gaussian 
infinite dimensional analysis can be extended to the case of more general 
measures. One such extension can be obtained through biorthogonal sys- 
tems of Appell polynomials and generalized functions. In this paper, we 
consider linear continuous operators from a nuclear Prechet space of test 
functions to itself in this more general setting. We construct an isomet- 
ric integral transform (biorthogonal CS-transform) of those operators into 
the space of germs of holomorphic functions on a locally convex infinite 
dimensional nuclear space. Using such transform, we provide characteri- 
zation theorems and give biorthogonal chaos expansion for operators. 

Introduction 

Recently, many researchersjUnjElEl have been working on extending Gaussian 
Infinite Dimensional Analysis and White Noise Calculus beyond the case of the 
Gaussian measure. One possible approach to this problem is through biorthog- 
onal systems of polynomials and generalized functions. That approach was 
discussed by Yu. Daletsky, S. Albeverio, Yu. Kondratiev, L. Streit, W. West- 
erkamp, J.-A. Yan, J. Silva, et al.|3EllHI 

To illustrate their idea, consider a measure d^{x) — p{x)dx on M, where 
p{x) is a smooth positive function of class exp(£|a;|)(ix), e > 0. In case 

of the Gaussian measure, the Taylor expansion of the normalized exponential 
function e^(^;x) := /^exp(xOdM(^) " T>n=Q l^jPnix) generates an orthogonal 
system of Hermite polynomials. In case of a more general measure, the Appell 



polynomials Pn are not necessarily orthogonal; however, one can construct a 
dual system — (^^) 1r = p(x)^ ■ This biorthogonal system was 

introduced for smooth measures by Dalecky et aLOQ] and later extended to a 
broader class of non-degenerate measures with analytic characteristic functionals 
by Kondratiev et al.[3E] 

Using the biorthogonal system, the mentioned authors constructed the 
nuclear spaces {N')^ of "Appell" test functions and the dual spaces , 

< /3 < 1, with the space (7V)~^ being the largest and the most technically 
challenging. All those spaces were characterized in terms of so called C^- and 
S^- transforms, which are biorthogonal analogues of the S-transform in white 
noise calculus. 

In this paper, we characterize linear continuous operators {N)^ {-^Y ■ For 
any such operator B we define a "local CS'p,i/-symbol" -6^,,^ = C^{Be^), where 
/Li, u are two measures on a conuclear space A/"', and e,y is a normalized exponent. 
The definition of that symbol needs to be carefully interpreted, as and Be^, 
belong not to (A/")^ but to larger Hilbert spaces. The symbol is actually 
a germ of complex- valued functions holomorphic in cylindrical 0-neighborhoods 
of A/c X A/c. We show that under certain conditions it uniquely characterizes the 
operator B. Our approach is similar in spirit to one used for characterization of 
white noise operators (see, e.g., Obata.^), however our operator symbols are 
holomorphic only locally, in very special cylindrical domains. 

The case of operators (A/")^ — > (A/")"^ is studied in the author's thesis^l] by 
analyzing so called local S'^,y-symbols = Si_i{Be„). 

The paper is organizes as follows. Section 1 recalls definitions related to 
locally holomorphic and entire functions on nuclear spaces. Section 2 describes 
the spaces of test and generalized functions introduced by Kondratiev et. al.[3 
niE] Those spaces are defined by mean of biorthogonal Appell systems. Section 3 
introduces local symbols of operators and gives a characterization for operators 

1 Preliminaries 
1.1 Nuclear spaces 

Let A/" C C A/"' be a real nuclear Gel'fand triple and (-I-) the canonical 
bilinear form on A/" x TV' such that (-I-) is an extension of the inner product 
(•, •) on H . Denoted by |-| the norm on H . Without loss of generality, we can 
always assume that the nuclear Frechet space N is represented as a projec- 
tive limit of a sequence H = Hq D Hi D H2 D ... of Hilbert spaces with norms 
I • I = I ■ |o < I ■ |i < I ■ I2 < moreover, for every Hp there is p' > p such that 
the embedding Ip'^p : Hp' Hp is a Hilbert-Schmidt operator. 

Let H-p := Hp be the dual to the Hilbert space Hp. Then the space dual to 
J\f is given by J\f' — indlimp^oo H-p. See Schaefer|3 for details. We will denote 
the Hilbert norm on H—p by |-|-p. 

Tensor product of nuclear spaces (or 7r-product) JV®M is the nuclear space 
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defined as the projective limit of Hilbert space tensor products Hp (g) Lp, p = 
0,1,2,.... Similarly, we define tensor powers TV®". The space dual to A/"®" 
can be presented as the inductive limit A/"'®" :— indlimiJ^p . We will preserve 
the notations and |-|_p for the norms on the tensor powers 7?®" and H^p 
respectively, as well as their complexifications H^^, and H®^^. Symmetric 
tensor product will be denoted by ®- 

1.2 Locally Holomorphic and Entire Functions 

Let At is the complexification of N . We will consider functions holomorphic in 
a neighborhood of S A/c. 

Fact 1.1. A function G : A/c C is holomorhic at if and only if 

1. There exist p and p > such that for all G A/c with |^o|p ^ P and for all 
£, € A/c the function of one complex variable A ^ G(^o + A^) is analytic 
at e C, and 

2. There exists c > such that for all ^ G A/c with < p, we have 
|G(OI <c. 

We do not discern between different restrictions of one function, i.e., we identify 
F and G if there exists an open 0-neighborhood U C A/c such that F{^) ~ G(^) 
for all ^ € U. Denote by Holo(A/'c) the algebra of germs of functions A/c C 
holomorphic at 0. That algebra is equipped with the inductive limit topology 
given by the family of norms 

np,iMG) = sup |G(OI, pjen. 

ICIp<2-' 

Definition 1.2. A function G : A/'^ ^ C is an entire function of growth A; G [1, 2] 
and a minimal type if G is holomorphic on every 77_p c, P = 0, 1, . . ., and for 
any e > there exists G > such that |G(z)| < Gexp(e|z|'lp), z e i?-p,c- 

Denote by i?min(-M:) the space of all such functions. The space is endowed 
with the projective Hmit topology with respect to the countable system of norms 

np,i.fc(G) = sup |G(z)|exp(-2-'|z|%), p,leN. 

For more details about these spaces see, e.g., Kondratiev et al.0 and the text- 
book of Dineen^. 

2 Biorthogonal Appell System 

Definition 2.1. A function (p : M' ^ C of the form 

N 
n=0 
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is called a continuous polynomial on TV'. The set of all continuous polynomials 
is denoted by V{Af'), while the dual space is denoted by V'(N'). 

Consider the cr- algebra C{N') generated by cyHndrical sets on A/"', which 
coincides with the Borel cr-algebras generated by the strong and inductive limit 
topology. We consider the class of measures ^ on C(7V') satisfying to the fol- 
lowing assumptions: 

• ASSUMPTION 1. The measure ^ on the space M' has an analytic Laplace 
transform in a neighborhood of € Nc 

E^(exp(.|0) - / e^^\'>'>d^Ji{x) e Holo(M;); 

JAf' 

• ASSUMPTION 2. The measure ^ is non-degenerate, that is for every 
continuous polynomial (j) £ V{N') 

= 0/2 — almost everywhere = 0. 

It follows from the Assumption 1 that V{N') is densely embedded into L'^{^J) 
(see the book of Skorohodp^l, Section 10 for details). We obtain the Gel'fand 
triple V{N') C L^in) C V'{M'). The bilinear dual pairing between P(A/'') and 
V'[M') with respect to is denoted by ((■ | ■))^; for G L2(/i) and ip e V{N') 
we have ((0 | tp))^ = /_^, (j){x)il:{x)d^i{x). 

2.1 Normalized Exponentials and Appell Polynomials 

Consider a normalized exponent 

E,(exp(.|0) ' ^^-^C'^^-^C- 

It is a well defined function for ^ in some 0-neighborhood C A/c • 

For every x S A/J, the function ^ ^ e^(f;x) is holomorphic (and also 
bounded) on some 0-neighborhood ?7o = G A/c; \V\p^, < 2^''°}. Consider 
its Taylor series about the point S, — Q 

et.{i;x) = 5]-d%(0;x)r, 

71=0 

where c?"ep(0; x) is a symmetric n-form, and we use the notation 

d-e^{Q-x)C ■.^(re^{Q-x){(,,...,S). 

Using the polarization identity, we obtain that the form d"e^(0;x) is ffp,c- 
continuous on the whole A/"^", i.e. 

1 " 
|-d"e^(0;x)(ei,...,C„)| <constni6lp ■ 

3=1 
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By the kernel theorem, for all p' > p such that the embedding ip'^p : Hpi Hp 
is a Hilbert-Schmidt operator, there exist unique kernels Pn,tj.{x) £ H^^, {x is 
fixed) such that 

The system = |(-P„,p(-) | (fin) ; (fin G A/"^",?! = 0, 1,2, . . .| is called The Ap- 
pell System of polynomials (on A/'^)- 

2.2 DifFerential operators and Q^-System 

Let G A/'c®"; define the differential operator : PiN'') V{Af'), acting 

on monomials S A/"^" as 

(m — nj! 

whenever m > n and otherwise. For $1 G A/J, (^s G V{J\f') we have 

Lemma 2.2. (Kondratiev et al.j7]) : 7'(A/'') P(7V') is a continuous 

linear operator which acts on on monomials{Pm^^\(f),yi) , (j)m G A/"®™ as follows: 

-D($n)(^m,Ml0m) = 7 ^ (-Pm-n.M^'^n | ) , 

(to — nj! 

whenever m > n and otherwise. □ 
For any $„ G A/'^®" define the generalized function (3„,p($„) G P'{N') 

QnA'^n) :=7^($„)*W,. 
Theorem 2.3. (Kondratiev et al.J^) There is biorthogonality relation w.r.t. ^ 

{{Qn A^n) I {Pm,Mm) )) = '5m.n?^! 1 0n ) 

and every element $ G P'(Af') can he presented as $ = X^^iLo Qn,Ai(*^")- '-' 

2.3 The Test Space of Appell functions {Mf 

For each continuous polynomial 4>{x) = X]^=o(-^"^a'(^)I'?^") ^ ^(-^^Oi '^ith 0„ G 
A/"^", define the norm 

Let the Hilbert space [Hp^q^p) be the completion of P{N') with respect to the 
norm H^^'Upg^- Define the test space of Appell functions 

{Mf := proj lim (i/j,,q,^) . 
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Theorem 2.4. (Kondratiev et al.f^} The space (AA)^ is a nuclear space densely 
embedded in L'^{n). Every element tp G (A/")^ has a unique extension to A/c as 
an element of the space of entire functions of growth 1 and a minimal type 
^min(-^c) (^^^ deftnition M.S^) . and there is the topological identity 

W = Cinm Wlj^r,^^ ^min(A/'c)} , 

SO that {Afy does not depend on the choice of the measure jx. □ 
Example 2.5. Consider the /^-exponential 

Its norm 

iie.(^;-)iiL.=f:("')^2- (5) 

is finite if and only if \e\l < 2^?, so that e^(6i; •) ^ {Ncf whenever 6* ^ 0. 

However, for any 9 € A/c, 16*1^ < 2~' we have e^(0;-) G {Hp^q^^)^ that is 
e^{9\ ■) is a test function of finite order. 

Lemma 2.6. (Kondratiev et al.J^) The family of normalized exponentials 
{e^(6l; •); \0\l < 2-9,6* G A/'c} is a total set in {Hp^q,^.). □ 

2.4 Space of Generalized Functions (A/^)~^ 

The Hilbert space (_ff_p,_q,^) := [Hp^q^p)* can be presented as a subspace of 
V'{M') consisting of those elements $ = Er=oQ",M(^») ^ P'CA/"') for which 
all the norms _^ ^ := X]^i°=o 2"''" l*J^n|?-p are finite. Define the inductive 

limit 

(AA);i ind lim 

The space (A/")^^ is the dual space of (A/")^ relative to L'^in). As the inductive 
Hmit topology is equivalent to the strong topology on (A/")"^, we can drop the 
subscript /Lt, unless we want to discuss a particular representation of the space 

We obtain the nuclear triple (7V)^ C = L'^{Af',^j,) C (A/)^^ and have 
the following series of continuous embeddings: 

(AA)i c ... c (Hp^q^p) c {L^)p C...C (ff-p.-,.^) c ... c (AA);i 
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Example 2.7. (Generalized Radon-Nikodim Derivative). For any ^ £ N' we 
can define the generalized function 

It follows from Lemma [2.61 and the following identity 

j^^ e,(,; X - O^Mx) = ^^^^ ^(.|,)^^(^/ = = ((,,(0 | ■))), 

that Pp(^) coincides with the Radon-Nikodim derivative whenever that 

derivative exists. 



2.5 Local S'^-transform of Generalized Functions 

Spaces of test and generalized functions are often characterized by mean of 
integral transforms. Following Kondratiev et al.0, let us introduce so called 
S'^-transform (which can be regarded as a normahzed Laplace transform) 

{S,'^){9) :^ ((<i>|e^(e;-))V, <&G(AA)-i. 

This definition needs to be properly interpreted, as e^{9; ■) ^ {Mc)"^ whenever 
0^0. However, it is possible to define the S^-transform locally as follows. 

As every generaHzed function <!> G (A/")^^ is of finite order, there 
exist p, g > such that $ G (i/_p__q_p). Consider a 0-neighborhood 
Up,q = {0 G Nc] \e\l < 2-1}. For 9 G f/p,, we have e^{9; •) G (Hp^q,^), as 

Therefore, the bilinear form (($ | 6^(6*; ■))) ^ is well defined on Up^q. 

Theorem 2.8. (Kondratiev et al.J^) The S ^-transform is a topological isomor- 
phism from [My^ to Holo(7\/c). □ 

2.6 The C^-transform of Test Functions 

Definition 2.9. The C^-transform for a test function G {M)^ is defined as 

{C^p) (0 Xv-, ^{x + Od^^{x) = ((p^(-0 I ^))^ , ^ G A/-^ 

Theorem 2.10. (Kondratiev et al.[7[) The C^-transform is a topological iso- 
morphism from (Af)^ to £^-^^^{Afl^) . □ 

Note 2.11. If fi is the Gaussian measure, then the C^- and iS^- transforms 
coincide. 



n=0 
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3 Characterization of Operators (MY {-^Y 

Let B : (7V)^ (•^)^ be a continuous linear operator, and be non- 
degenerate measures having analytic Laplace transform. We want to represent 
by a holomorphic function, that is to define a symbol of B. 



3.1 Local CS'^i.-Symbols 

As (A/")^ is continuously embedded into (7V)~^, one can consider the local 5^^- 
symbol B^^^{(,,i]) :— S^[Be^{r]; ■)]{(,), see the author's thesisJJ. However, be- 
cause of biorthogonality it is more convenient to work with a somewhat differ- 
ent symbol 5^,^(^,77) C^[Be^{T]; ■)]{(,) = I Be^{iT, •)))^, which we are 
going to introduce now. That definition needs to be carefully interpreted, as 
e„{r]; •) is not in (A/")^ but rather in one of the approximating Hilbert spaces. 
The same thing might happen with Be^{ri;-), so that we also need to extend 
C^-transform from (Af)^ to larger spaces. 

The space (A/")^ is continuously embedded into every Hilbert space {Hp„,q„,ii), 
Po, lo > 0. Applying the kernel theorem to the continuous operator 

B : (A/-)i ^ (Uy ^ 

we obtain that there exist integers p > 0, g > such that B is a continuous 
Hnear operator between Hilbert spaces {Hp_q_^) (Hp^^q^^^). 

Consider a 0-neig hborhood Up.q = {?/ e TVc; |r/|p < 2-«-i}. For any r] e Up,q 



|2 -\^f„\\2onq ( _ L 



n=0 \ / I 'Ip 

SO that 61/(77; •) e {Hp^q^y). For any ^ £ A/c C i?-p„,c we have 

IIpmI-OII-po.-so.a^ 



2 < C50, 



n=0 



< 



E2-"-/^^-xp(|^), (1) 



SO that p^{—£) e (-ff-Po, -90,^)1 ^iid we can define the bilinear form 

Bf.A^,!!) ■.= {{p,{-0\Be,{iT,-)))^ 

on the open cylinder A/c x Up^q c A/c x A/c- 

We call that bilinear form the local CSp,y-symbo\ of the operator B. 

Example 3.1. Let B : [AfY ^ {^Y be the continuous opera- 
tor defined by S (P„,,. | V3„) = (P„,p | (p„), ipn e A/"®", where p,i' are 
two non-degenerate measures with analytic Laplace transform. Then, 

^^.(C,^) = ((PM(-C;-)|eM(^;-))>p-e<«i"). 
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Lemma 3.2. Let Po, and qo be non-negative integers. Then for any 
ip G {Hp^^q^^^) the function C^ip{£^) := ((/0^(— I V'))^ *s holomorphic on H^p^^c 
and hence on Nc C H-p^^c- 

Proof. Let {'/J(„) G (-A/")^} be a sequence of test functions converging to <p in 

(-ffpo.go.^)- Since \{{pt,{-i\-)\ ^ - V{n))) J\ < ^^P {%^) \\v - V{n)\\p^^g^^^, 
the sequence of holomorphic functions C^93(„)(C) converges to C^((C(^) in the 
compact-open topology. Therefore, Cf_i(p{^) is holomorphic. □ 

Theorem 3.3. For any Po > 0, e > 0, there exists C > and a -neighborhood 
U C At, such that the local CS^i, -symbol B^^{^, rj) is holomorphic in the cylin- 
der A/c X U, and there is an estimate 

Proof. Choose an integer Qo > 0, such that 2~'°/^ < e. By the 
Kernel Theorem, there exist p > 0, q > 0, such that the operator 
B : [Hp^q^^) {Hp„,q„.f_i) is continuous and there is a well defined bilinear 
form Bi_,y{£,,r]) Be^{ri; ■))) ^ on the cylinder A/c x Up^q, where 

Up,q = {veMc; < 2-*-i}. 

For fixed 77, the function B^^{£^,ri) — [Ci_,Beu{r]\-)]{^) is holomorphic on 
the whole A/c by Lemma \?>.2\ For fixed ^, the function B^^{£_,-) is the lo- 
cal S'jy -transform of the distribution B* p^{—S_; ■) G (H^p^^q^^), and therefore 
B^v{(,, ■) G Holo(7\/c). Therefore, the functions of one complex variable 

A Bf_,u{ia + A^, •), w ^ Biiu{-,r]a + wr/) ; A G C; ryo G Up^q;^o,S., ?7 G Ac 

are holomorphic at 0. By the Hartogs' theorem (see the textbook of Dineen^), 
the function of two complex variables 

A, u; t-> i?p^(Co + AC, Vo + w-q) ; A, u; G C; 770 G Up.q, i],^o,£,eN'c 

is holomorphic at 0. Another words, B^,„{£,, rf) is G-holomorphic on Ac x Up^q. 

Observe, that Bfj.,u{£,, v) is also locally bounded on TVc x Up^q, as there exists 
C > such that 



l((PM(-e;-)|e.(^;-)))^l < IIPM(-e;-)ILp„,_,„,^c^l|e.(^7 

< Cexp^'^'~^° 



where C is the norm of the operator B : {Hp^q^^) — > {Hp„,q„,ii)- Therefore, 
B^^{£_,ri) is holomorphic on A/c x Up^q. □ 

3.2 Reconstruction of Operators from Their Local CS^j,^- 
Symbols 

Now, let F{(^,ri) be a complex valued function defined and G-holomorphic on 
an open cylinder A/c x C/o G A/c x A/c, and let po be a non-negative integer. 
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Theorem 3.4. Let be a complex valued function defined and G- 

holomorphic on an open cylinder A/c x Uq C Afc x Ac, and suppose that for 
any Po > 0, £ > there exists C > and a -neighborhood U C Uq such that 

<Ce^l«l--, eeA/t, 77^(7. (2) 

Then, there exists a unique continuous operator B : (A/")^ — > (A/")^, such 
that its CS^v-symbol B^^{^,ri) coincides with F(^,?7) on some open cylinder 
A/c X Z7 c A/c X A/c. 

Proof. Let Po > 0, (Jo > 0. Choose p > Po such that the embedding 
/pp^ : Hp Hp^ is a Hilbert-Schmidt operator. Choose e > such that 
^P,Po\\hs ^ assumption, there is C > and a neighborhood 

U cUo such that \F{^,r])\ < Ce^l^l-"- on A/c x U. Therefore, the function F 
is holomorphic on TVc x U. 

Let (5 > be such that {t] G A/c; |?7|p < 5} C U . For every rj) € A/c x A/c, 
jr/lp < 1 the function of two complex variables (s, t) i—>- F{s(,, trj) can be expanded 
into the power series 



^-^ m n 



m,n=0 



converging on the cylinder {(s,i) £ C^; |t| < (5}. Here is an (m+n)-linear 

form 

F('"'")(^1,..,^„;7?1,...,77„) = ^F{siii + + Snira]tim+ -tnVn) 

a Si OSm Otl Otn 

symmetric with respect to the first m and the last n variables. For any i? > 
we have the Cauchy formula 



-|7F('"'")(^,..,^;,7,...,r?) = (27ri)-2 / 



\s\=R,\t\=& 



which gives the following Cauchy inequality for |^|_p < 1, \r}\p < 1 



m!n! 



< Ce^^R-'^S-'' , (3) 



so that sup{|;^F(™'«)(^,..,^;77,...,rj)|;|C|_p< l,|7?|p< 1} <Ce^«E-™5-". 
Choose R = Using the polarization identity and inequality ^ < e", we 



obtain the estimate 



mini ml ni V e / 

< -^e"(£e)'"(5-" 
ml 
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onthc"imitpolydisc" {(^1, ^ ^cnj e A/c, < l,|»?j|p< !}• 

For any ^i, .., 771, rjn S A/c we have the estimate 



i;^F(-")(6,..,^„;,„...,,„)i<ci^(l) ni^^i-.-ni^ii.- 

i=l j=l 

By the kernel theorem, for all p > p such that the embedding Ip^p : Hp Hp 

is a Hilbert-Schmidt operators, there exist unique kernels fm,n G ■'^^"c'^-^-p C 
such that 

mini 

Moreover, we have the following norm estimate 

If I ^ ^ (eellWlIgg)" /Siir II A" 

|/m,n|p^ _p < C ^^^^ ||ip,p||i/S j . 

For any 0„ £ -^^^c define {fm,n\n\<l)n) S -ff^^ by the formula 
{{fm,n\n\4>n) \ V'm) := «K/m,n|V'm ® ^n)- The definition is correct as we have 
the following norm estimate 

\{fm,nW4n)\,^ < nlC^W^ ||/^_ _|| " , 

which shows that 1— > (/mn|?^!'An) defines a continuous linear operator 

rT®n rr^m 

For an element <!){■) = J2n=oi^n,u.{')''Pn) G {Hp,g,u), where e -ff®c, put 

bm(t> ■= ^{fm,n\nl(l)n) , m = 0,1 . . . . 

n=Q 

Using the Schwartz inequality we obtain the following estimate 

Ml < (f2\{fm,n\n\<f>n)\p] 
\n=0 ) 

= (f2n\2"''/'\<|>n\p2-"'/'\fm,n\p^ 

oo oo 

n=0 n=0 



n=0 



lip, 9,1/ 
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where q is any positive integer such that 2~' (|j ||/p,p||^g < 1- That estimate 



shows that b^cj) & ^f^c- follows that 



m=0 

< C'll<,,.(i-M22^°IIWIIL)" 



.5 

Thus, for any Po, (Zo > there exist p > Po, 9 > such that 



i-2-M;)'ii/p,pii^s' 



m—0 



is a continuous linear operator from [Hp^q^^) to (-ffpo.go:/^)- This operator is 
unique, as the set {6^(77, •); 77 S A/c, |?7|p < 5} is total in (Hp^q^^) by Lemma 
the set {p^i{i, ■)](, G A/c} is total in [H^p^^^q^^^) by Theorem l2.1()l and there is 
the following identity for the CS^i, -symbol 



00 



^ to! ( ( ^ n! ( /™^„ I L_ 



tn—^) \ \n— 

00 

m,n— 

= F(e,r?), for(e,77)eAAcxAAc, |r;|p<|r;|p<,5. 

It follows that B{NY C {MY, and B : (A/")^ ^ (7V)^ is the unique con- 
tinuous operator such that its CS'^j.-symbol B^i^{^, rj) coincides with rf) on 
some open cylinder A/c x t7 C A/c x A/c- □ 
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